Abstract: A novel localization method based on multiple signal classification (MUSIC) algorithm is proposed for positioning an electric dipole source in a confined underwater environment by using electric dipole-receiving antenna array. In this method, the boundary element method (BEM) is introduced to analyze the boundary of the confined region by use of a matrix equation. The voltage of each dipole pair is used as spatial-temporal localization data, and it does not need to obtain the field component in each direction compared with the conventional fields based localization method, which can be easily implemented in practical engineering applications. Then, a global-multiple region-conjugate gradient (CG) hybrid search method is used to reduce the computation burden and to improve the operation speed. Two localization simulation models and a physical experiment are conducted. Both the simulation results and physical experiment result provide accurate positioning performance, with the help to verify the effectiveness of the proposed localization method in underwater environments.
Introduction
Estimation of source position has many important application areas including underwater localization, electroencephalography (EEG) and underwater navigation. In the last decades, the acoustic based locating method has played a main role in underwater localization [1, 2] . However, the complexity and uncertain characteristics of underwater environments, such as the varying temperature and density, multi-path propagation, Doppler effect, and propagation delay, seriously influence the acoustic propagation and underwater channel [3] [4] [5] . The electromagnetic based localization method would not be affected by these drawbacks because the electromagnetic field propagates much faster than that of the sound wave [6, 7] . Moreover, the underwater electromagnetic noise is much lower and more stable [8, 9] .
Underwater localization based on electromagnetic waves has been investigated recently. In the work [10] , a self-localization method based on the attenuation of electromagnetic waves is presented. However, the localization accuracy decreases because of the boundary of the test model. Daegil Park et al. provided a received signal strength method to locate the source in a two dimensional plane by using commercial high frequency sensors [6] . However, high frequency electromagnetic wave based localization in seawater suffers from the serious attenuation because of the small skin depth, which limits its development. As a result, it is a challenge to locate an excitation source with high frequency electromagnetic facilities. Localization based on quasi-static electric fields provides better performance in the near field area, which has lower attenuation compared with the high frequency signals in conducting media. Underwater localization methods based on electric fields are also studied in works [11, 12] . In Lebastard's work [11] , a bio-inspired method has been proposed to improve the localization performance using the Unscented Kalman filter. The work [12] proposed a locating algorithms using electric sense based on the measurement electric field re-emitted by secondary dipole. However, the electric field re-emitted by a secondary dipole that is usually much weaker than the primary field, which limits the localization region. Moreover, in practice, in a shallow sea environment, the seabed has rugged terrains, yielding a complex boundary condition, which will strongly affect the localization.
Considering the challenge of the underwater target localization in a complex confined environment, this paper proposes a novel solution for the underwater localization based on the boundary element method (BEM) theory and multiple signal classification (MUSIC) This localization method is prominent in magnetoencephalography (MEG) and EEG source analysis [13] [14] [15] , where BEM can accurately describe the boundary model and the MUSIC provides a good performance, and it does not suffer from the problem of non-convexity [16] . In this method, we first discretize the boundary of the finite region using BEM. Then, the distribution of scalar potential on the boundary is derived. The sensors, electric dipole array, are set in the locating region, and one of the electric dipole is set as the reference point, which are different from electric field based methods in an infinite region or the classical EEG method using several electric dipole pairs. The potential difference between each electric dipole and the reference point consists of two components, namely the contribution of the electric dipole source itself and the contribution of the boundary. The position of the electric dipole source can be located via finding the minimum eigenvalue of the estimated gain matrix and the noise subspace by using the MUSIC algorithm. Generally, the electric dipole source carries out a controllable single frequency signal, which is independent of the environmental disturbances and noise. The MUSIC algorithm scans all possible source locations and estimates whether a source in its location [17] , which results in a great amount of computation. To overcome this drawback and reduce the scan time, we also propose a global-multiple region-conjugate gradient (CG) hybrid search method in this paper. The effectiveness of the proposed method is investigated and compared with the source in infinite space model. The results strongly suggest that the proposed algorithm is effective in underwater localization.
Localization of Electric Dipole Source in Finite Region

Localization Model of Electric Dipole Source
The electric dipole source in the underwater localization problem is equivalent to a quasi-static electric field in a closed body, which is shown in Figure 1 , and the discussions and details of the quasi-static electric field approximation can be found in [18] . The potential of each point in region Ω is ϕ, and the boundary is defined as ∂Ω. It can be considered that the conductive of the water in region Ω is far greater than that in the external region, which means there is no current field out of the region Ω. According to the electrostatic field theory [19] , we have the base Laplace equation with a Neumann boundary condition, which are shown in (1) and (2):
where f is the source distribution in region Ω and n is the norm vector on boundary surface ∂Ω pointing into the region Ω. The potential ϕ j of observation point r j on boundary surface ∂Ω can be written as:
where p.v. denotes the Cauchy's principal value integration. W is the test function, which is expressed in three-dimensional space as:
r is the position of the source point on the boundary surface ∂Ω. The boundary surface is discretized with N triangular patches for numerical calculation. We have:
where i, j = 1, 2, 3, . . . , N, ∆s i donates the ith triangular patch of ∂Ω with the norm vector n i and σ represents the conductivity of the material in the localization region. We assume that the electric dipole source is located at point r p in Ω with a dipole moment p . The matrix equation resulted from (5) can be written explicitly as:
where z ji is the element of the surface impedance matrix Z s s , I donates the unknown potential on ∂Ω, V s p represents the potential contribution of the electric dipole source on the boundary surface, (·) T donates the transpose operation, e x , and e y and e z are the unit vectors in x, y and z directions, respectively. In order to measure the potential in the locating area, (K + 1) electrodes are set at points r v k in the water as receiving antenna array where k = 1, 2, 3, . . . , K+1. We take the (K + 1) th electrode as reference point. By inversing the operation, the voltage between the kth electrode and reference point are obtained:
where:
It can be seen from (12) that the voltage φ v k consists of the potential contribution on the boundary surface ∂Ω and the contribution of the electric dipole source itself. Thus, we obtain the matrix equation Ψ = Ap, which is given by:
We refer to A as the dipole gain matrix [20] that maps a dipole at r p into a set of measurements, which is a K × 3 matrix. It should be noted that for the electric dipole in infinite media, there would be no boundary in the area. As a result, the matrices g k and V s p will not exist. Thus, we define it as the boundless model. If the boundary exists, we define it as the boundary model.
Localization Based on the Multiple Signal Classification Algorithm
The electric dipole source is associated with a low frequency sine current excitation, as the electric dipole source is a controllable source. We assume that the orientation of the electric dipole source is fixed during measurements. The data are acquired as:
where p(t n ) is the moment of the electric dipole source at time t n , n = 1, 2, · · · , N. Ψ(t N ) is the potential difference column vector at time t n , which has been explicitly illustrated in (16) . The additive noise matrix e t is assumed to be zero mean with covariance E e t e H t = σ e 2 I, where E {·} denotes the expected value of the argument, (·) H is the Hermitian transpose operator, and I denotes the identity matrix. The white noise covariance can probably be estimated using sufficiently long periods of measurement data for this study. The expected value of the matrix outer product Ψ t Ψ T t may be represented under the zero-mean white noise assumption:
As R Ψ is a Hermitian matrix of rank K, it can be decomposed as R Ψ =UΣU H after eigenvalue decomposition where U is the K × N eigenvectors. Σ represents the corresponding N × N diagonal matrix of nonzero eigenvalues, which can be stated as:
According to [20] , the eigenvectors may be rewritten as U = U S U N , where U S is the signal subspace and U N is the noise subspace. In this model, there is only one electric dipole source, and the signal subspace U S is K × 1 matrix, and the noise subspace U N is K × (K − 1) matrix.
The position of the electric dipole source can be found by scanning the locating region and finding the minima generalized eigenvalue of λ GEIG (A H U N U H N A, A H A), where λ GEIG (·, ·) indicates the generalized eigenvalue of the matrix pair given in parenthesis [21] . The eigenvector corresponding to the minima generalized eigenvalue λ min represents the orientation of the electric dipole source. The algorithmic steps required for locating the electric dipole source in a confined environment from the original measured voltage data Ψ t are given as follows.
•
Step 1: Discretize the boundary of the locating area and calculate the boundary matrix Z s s according to the prior information about the boundary. By inverting the boundary matrix, we have (Z s s ) −1 .
Step 2: By measuring the voltage of each channel of the receiving antenna array, the matrix Ψ t is formed with the size of K × N.
Step 3: According to (23), the covariance matrix R Ψ can be constructed.
Step 4: Obtain the required signal subspace U S and noise subspace U N via the eigendecomposition of the constructed matrix R Ψ .
Step 5: Mesh the locating area with a set of spatial points r p(1) , r p(2) , · · · , r p(M) .
Step 6: Calculate the matrix A according to (17) with the estimated dipole source position r p(i) , i = 1, 2, · · · , M.
Step 7: Obtain the eigenvalues λ 1(i) , λ 2(i) and λ 3(i) via the generalized eigendecomposition
Step 8: Find the global minima of λ min = λ 1(j) . The dipole source position is estimated by r (j) .
Alternatively, P(r p ) =
is defined as the spatial spectrum in the locating area. The electric dipole source can also be located by scanning the locating area and finding the peak of P(r p ). In the classical localization method, all possible source locations should be scanned in Step 5 of the localization procedure [17] . For example, scanning a region with size of 1 m × 1 m × 1 m with 10 mm interval will yield 1.0 × 10 6 eigenvalue decomposition operations, which is not suitable for underwater localization. To reduce calculation and improve the location accuracy, we propose a novel global-multiple region-CG hybrid search method. The task is divided into four steps:
Step 1: Scan the entire locating region with the interval of = g by the use of point-by-point scan method, and output the estimation position r est .
Step 2: Scan the local region near the estimation position r est with the interval of = m , where m = 1, 2, 3, · · · , M.
•
Step 3: If m equals to M, go to Step 4. Otherwise, update the estimation position r est , update the interval by m = m + 1, reduce the searching range and go to Step 2.
Step 4: Estimate the position by using the CG method and output the final estimation position.
The first step leads to N g eigenvalue decomposition operations. The second step yields N m eigenvalue decomposition operations. In the fourth step, the CG method leads to N CG eigenvalue decomposition operations. Therefore, the hybrid search method ceases (N g + ∑ M m=1 N m + N CG ) eigenvalue decomposition operations.
Numerical Examples
In this section, we present a simulation model to illustrate the features of our proposed localization method. A cube with edge length of 1 m is filled with water with the conductivity of σ = 1 S/m. The boundary surfaces of the simulation model are discretized into 6272 triangular patches with the average edge length of 0.03 m. 9 electrodes are located in the simulation model, which compose a receiving antenna array. The simulation model is shown in Figure 2 . Table 1 illustrates the position of each electrode, and we set the electrode with the index number nine as the reference point. Figure 3 shows the response of the receiving antenna array to the simulated noiseless source with 100 sample points and 1 ms sampling period, where the electric dipole source is located at p 1 . Then, we add white Gaussian noise to all data points, and the squared Frobenius norm of the noise matrix is one-tenth that of the squared Frobenius norm of the noiseless signal matrix, which yields the final signal-to-noise ratio (SNR) equal to 20 dB [21, 22] . The lower plot of Figure 3 shows the response of the receiving antenna array for the signal plus noise data. Figure 4 that the highlight area in (c) is larger than (b) and (a), making it difficult to distinguish the estimated position and the background. The reason is that the distance from the electric dipole source at p 3 is smaller than the edge length of the triangular element. As a result, the effect of the triangular element shape to the field description should not be neglected.
In this simulation, we have g = 50 mm, 1 = 20 mm, 2 = 10 mm, 3 = 5 mm, 4 = 2 mm, 5 = 1 mm, and N g = 8000, N m = 8000. Thereby, the hybrid search method yields a total of (48, 000 + N CG ) eigenvalue decomposition operations. According to statistics, the calculations by using CG method are much smaller than that of local search method, which can be neglected. Compared with the 10 mm interval point-by-point scan method, the hybrid search method can reduce 95.2% calculations with less than 1 mm resolution. The comparison shows that the hybrid search method could reduce the locating time effectively.
In order to further evaluate the accuracy of the proposed localization method, it is compared with the localization method in boundless model. We use a line l : [a, 0.6, 0.3] as the simulation tracking trail, where 0 < a < 1.0. The root mean square (RMS) errors, under a different noise level, are depicted in Figure 5 . It is clearly shown in Figure 5 that the localization method in the boundless model has much higher RMS errors compared with our proposed localization method in boundary model for a different SNR level. For the proposed localization method, there are relatively lower RMS errors in the interval 0.3 < a < 0.4. However, the RMS errors increase when the electric dipole source is close to the boundary surface. That is because the shape of the triangular element should not be neglected.
Moreover, the distance between the electric dipole source and electrode antenna array are further when the electric dipole source is close to the boundary surface, resulting in lower signal amplitude. The proposed localization method has a minimum RMS error of 0.025 m for SNR = 10 dB, 0.016 m for SNR = 15 dB and 0.009 m for SNR = 20 dB, indicating that the proposed localization method has good performance for underwater electric dipole source locating. We propose another simulation model to study the performance of the localization method in shallow sea environment, which is shown in Figure 6 . The boundary surfaces of the experiment model are discretized into 4888 triangular patches with the average edge length of 6 m. The conductivity of the sea is assumed to be σ = 4 S/m. The receiving antenna array with nine electrodes are located in the experiment model, which are listed in Table 2 . The low frequency sinusoidal current excitation of 100 Hz is loaded on the dipole with the dipole moment p = [2, 1, 1] . The data samples used in this experiment model are N = 100. An autonomous underwater vehicle (AUV) travels along a trail l AUV . Figure 7 presents the RMS errors at difference position, which are compared with the boundless model. The results show that the RMS errors of localization increase with the noise level rising. However, there are much higher RMS errors in the boundless model compared with our proposed localization method in boundary model for each SNR level, indicating that the proposed localization method has better locating accuracy. We can also notice that the proposed localization method shows good performance in interval 50 < y < 150, with the minimum RMS error of 0.3 m at SNR = 20 dB, 0.6 m at SNR = 15 dB and 1.1 m at SNR = 10 dB. However, the RMS errors increase when the electric dipole source gets close to the boundary surface, because the distance between the electric dipole source and electrode antenna array are further than the electric dipole source is to the boundary surface, resulting in a lower signal amplitude. However, the errors have been in an acceptable range.
In order to make the proposed method more easily implemented in engineering applications, we study the localization accuracy under different number of receiving electrodes. We assume that the AUV is located at position p : [55, 85, −40]. The RMS errors of the position estimates versus the SNR are given in Figure 8 . In Figure 8 , we also plot the RMS errors of boundless model estimates. We can see from Figure 8 that the RMS errors decrease as the number receiving electrodes increases. It is obvious that the proposed method provides smaller RMS errors than those of the boundless model for the same SNR and electrodes number. We can also notice that the RMS errors do not significantly decrease as the electrodes number increases in the boundless model. However, the proposed method provides significantly better localization performance when the electrodes number increases.
In this section, two numerical simulations are proposed to analyze the performance of the proposed localization method. Comparisons of the boundary model and boundless model with different SNR show that the proposed localization method provides higher localization accuracy, which can be used as a precise localization system in confined underwater environments. Additionally, it should be noted that the size of the gain matrix of the boundless model is much smaller than that of the boundary model. As a result, localization based on the boundless model would reduce the computation burden for eigendecomposition. In the scenario of deep ocean localization, the electric dipole and the receiving antenna array are far from the surface and the seabed, where the field contribution by the boundary can be neglected. It means that the boundless model can also provide acceptable localization accuracy in deep ocean localization with a smaller computational burden. 
Experiment
To further verify the effectiveness of proposed localization method, a set of localization experiment is developed in our laboratory environment. A cylindrical plastic pipe is used as a mobile electric dipole source, with diameter of 8 mm, length of 100 mm. Two metal sheets cover the ends of the cylindrical plastic pipe as the electrodes of the dipole source. We create a uniform circular array receiving antenna (UCARA) with nine electrodes, the detail of which is shown in Figure 9 . A diagram of this experiment is proposed in Figure 10 . The dipole source is mounted on a horizontal movable gantry workbench with a size of 3 m by 1.5 m. This allows us to move the dipole source along the pre-programmed trail with high geometric resolution. The depth of the water in the tank is 1.0 m, and the conductivity of the water is set to be 4 S/m, which is close to the conductivity of sea water. In this experiment, the source frequency is 100 Hz, where the dipole moment 0.017 A·m along the x-axis and output power of 0.11 W. The positions of the electrodes in the UCARA are known and fixed, which are listed in Table 3 , where the ninth electrode is set as the common ground. During the measurement, we set the dipole source at the point [x, 0. For locating the dipole source, we use 100 measured voltage data to model each channel. In order to find out the dipole source, the spatial spectra are plotted in Figure 11 , wherep i is the estimated position of p i , i = 1, 2, 3, 4 and 5. Localization results obtained from the localization experiment with the dipole source is shown in Figure 11 . 300 independent measurements are carried out for each test point, and the comparisons between estimated positions and their actual positions are also given in Table 4 . From the Table 4 , we can find that the maximum root mean square (RMS) error is 0.046 m. The estimation errors may be caused by the following reasons. Firstly, the dipole source in the experiment is not an ideal dipole, which has physical dimensions in practice. Secondly, the shell of the UCARA can affect the distribution of the electric field of the UCARA. Finally, the actual position of the dipole source may be slightly moved during measurement because of the water wave. Although some experimental results slightly offset the center position, the localization accuracy is still good. These results prove that the proposed localization scheme can be used as a precise localization system in underwater environments. 
Conclusions
In this paper, a novel method based on BEM and the MUSIC algorithm is proposed for underwater electric dipole source localization. The BEM is utilized to discretize the continuous surface function and transpose it to a matrix equation, which accurately describes the field contribution by the boundary. The canonical MUSIC algorithm is used to estimate the location of the electric dipole source. In comparison with the least squares methods, MUSIC provides a better performance without non-convexity. In order to speed up the localization operation, a global-multiple region-CG hybrid search method is introduced. From the simulation results, 95.2% computation burden is effectively reduced by using the hybrid search method. Both the simulation results and the physical experiment show that the new method and the algorithm we presented in this paper can realize high accuracy for locating an electric dipole source in a confined underwater environment. In addition, we also research how the noise level and the distance between electric dipole source and receiving antenna array impact the errors of location. In our further work, we will do more research and experiments to acquire much more accurate results.
